Ozsváth and Szabó conjectured that knot Floer homology detects fibred knots. We propose a strategy to approach this conjecture based on Gabai's theory of sutured manifold decomposition and contact topology. We implement this strategy for genus-one knots and links, obtaining as a corollary that if rational surgery on a knot K gives the Poincaré homology sphere Σ(2, 3, 5), then K is the left-handed trefoil knot.
Introduction
Knot Floer homology was introduced independently by Ozsváth and Szabó in [11] and by Rasmussen in [15] . For any knot K in S 3 and any integer d the knot Floer homology group HF K(K, d) is a finitely generated graded Abelian group. These groups satisfy the duality HF K(K, d) ∼ = HF K(K, −d).
Knot Floer homology, and in particular its top group, reflects many topological information about the knot, as the following results show. Ozsváth and Szabó formulated the following conjecture, whose evidence is supported by the computation of knot Floer homology for a large number of knots. Conjecture 1.3. If K is a knot in S 3 with genus g and HF K(K, g) = Z then K is a fibred knot.
In this article we propose a strategy to attack Conjecture 1.3, and we implement it in the case of genus-one knots. More precisely, we will prove the following result. Theorem 1.4. Let K be an oriented genus-one knot in S 3 . Then K is fibred if and only if HF K(K, 1) = Z Our strategy to prove Theorem 1.4 deduces information about the top knot Floer homology group of non-fibred knots from topological properties of their complement via sutured manifold decomposition and contact structures in a way that is reminiscent of the proof of Theorem 1.1. It is well known that the only fibred knot with genus 1 are the trefoil knots and the figure-eight knot. Theorem 1.4 implies the following Corollary 1.5. Knot Floer homology detects the trefoil knots and the figureeight knot.
The following conjecture was formulated by Kirby in a remark after Problem 3.6(D) of his problem list, and by Zhang in [17] . Conjecture 1.6. (ConjectureÎ) If K is a knot in S 3 such that there exists a rational number r for which the 3-manifold obtained by r-surgery on K is homeomorphic to the Poincaré homology sphere Σ(2, 3, 5), then K is the left-handed trefoil knot.
ConjectureÎ was proved for some knots by Zhang in [17] , and a major step was made by Ozsváth and Szabó in [13] , where they proved that a counterexample to ConjectureÎ must have the same knot Floer Homology groups as the left-handed trefoil knot. Corollary 1.5 provides the missing step to prove the following result. More generally Ozsváth and Szabó defined invariants for oriented nullhomologous knots in a closed 3-manifold Y and, using a canonical correspondence between links in Y with l components and knots in Y #(l − 1)S 2 × S 1 , they extended the definition of knot Floer homology to null-homologous links. 
Moreover, if L is fibred link, then
We say that a link L ha genus 1 if it admits a Seifert surface with maximal Euler characteristic consisting of one connected components of genus 1 and, possibly, other components of genus 0. We will prove the following generalisation of Theorem 1.4 to genus-one links in S 3 . Theorem 1.9. Let L be an oriented genus-one link in S 1 . Then L is fibred if and only if HF K(L, |L|) = Z.
Definition 2.1. A confoliation on an orientable 3-manifold is a tangent plane field defined by a 1-form α such that α ∧ dα ≥ 0.
Given a confoliation η on M we define its contact part H(η) as 
Lemma 2.3. Let (M, F) be a foliated manifold, and let γ be a curve with non-trivial linear holonomy contained in a leaf Σ. The F can be approximated in the C 0 -topology by confoliations so that γ is contained in their contact parts and is a Legendrian curve with twisted number zero with respect to the framing induced by Σ.
Proof. We apply [3, Proposition 2.6.1] to make F contact in a neighbourhood of γ, then the proof of the lemma is a check on the explicitly given contact form.
For any subset A ⊂ M we define its saturation A as the set of all points in M which can be connected to A by a curve tangent to η.
Lemma 2.5. Let (M, F) be a smooth taut foliated manifold, Σ be a compact leaf of F with trivial germinal holonomy, and γ ⊂ Σ be a closed nonseparating curve. Then F can be approximated in the C 0 -topology by contact structures such that γ is a Legendrian curve with twisting number zero with respect to Σ.
Proof. First we apply Lemma 2.2 to create non-trivial linear holonomy along γ, so that we can apply Lemma 2.3 to make F contact in a neighbourhood of γ, and γ becomes a Legendrian curve with twisting number zero.
The approximation of a confoliation F by contact structures is done in two steps. First F is C 0 -approximated by a transitive confoliation F, then F is C 1 -approximated by a contact structure ξ. The first step is done by perturbing the confoliation in arbitrarily small neighbourhoods of curves contained in M \ H(F), then we can assume that a neighbourhood V of γ is not touched in the first step.
Since F and ξ are C 1 -close, they are defined by C 1 -close 1-forms α and β.
Let h : M → [0, 1] be a smooth function supported in V such that h ≡ 1 in a smaller neighbourhood of γ, then the 1-form β + h(α − β) coincides with α near γ and with β outside V . It defines a contact structure which is C 0 -close to F because α and β are C 1 -close and the contact condition open in the C 1 -topology.
Proposition 2.6. Let F be a taut foliation on M . Then any contact structure ξ which is sufficiently close to F as a plane field in the C 0 topology is weakly symplectically fillable. 2.2 An estimate on the rank of HF + (Y ) coming from taut foliations Definition 2.7. Let η be a field of tangent planes in the 3-manifold Y , and let S be an embedded compact surface with non empty boundary such that ∂S is tangent to ξ. We define the relative Euler class of S as follows. Fix a trivialisation of η along S, and a non-zero tangent vector field v C pointing in the direction of the orientation of C for each connected component C of ∂S. Using the trivialisation of η| S we can see v C as a function v C : S 1 → C * , and we denote by Ind 0 (v C ) its winding number. Then we define the relative Euler class of η on S as
If η is the field of the tangent planes of the leaves of a foliation F we write e(F, S) for e(η, S). If η is a contact structure e(η, S) is the sum of the rotation numbers of the components of ∂S computed with respect to S.
and let Σ be a genus minimising closed surface representing a generator of H 2 (Y ). Call Σ + and Σ − the two components of ∂(Y \ Σ). Suppose that Σ has genus g(Σ) > 1 and that Y admits two smooth taut foliations F 1 and F 2 such that Σ is a compact leaf for both, and the holonomy of Σ has the same Taylor series as the identity. If there exists a properly embedded surface
Requiring that the holonomy of Σ have the same Taylor series as the identity is not as strong a restriction as it seems, because foliations constructed by sutured manifold theory have this property; see the induction hypothesis in the proof of [4, Theorem 5.1].
The strategy of the proof is to view F 1 and F 2 as taut foliations on −Y and to approximate them by contact structures ξ 1 and
. This implies that c + (ξ 1 ) and c + (ξ 2 ) are linearly independent in HF + (Y, g − 1). The entire subsection is devoted to the proof of Theorem 2.8.
We choose a diffeomorphism φ : Σ → Σ so that φ(α + ) = α − , and we form a new 3-manifold Y φ by cutting Y along Σ and re-gluing Σ + to Σ − after acting by φ. This is possible because α + and α − are non separating. In order to construct the 4- 
We can assume that Σ has a tubular neighbourhood N foliated as a product in both foliations. In fact there is a diffeomorphism 1] is endowed with the product foliation. We call the resulting foliated manifolds (M, F 1 ) and (M, F 2 ) again. This operation does not destroy the smoothness of F 1 and F 2 because their holonomies along Σ by hypothesis have the same Taylor series as the identity.
We choose distinct points t 1 , . . . , t k in (−1, 1) and see c i as a curve in Σ×{t i }.
We denote by W the smooth 4-dimensional cobordism obtained by adding 2-handles to −Y along the curves c i with framing +1, and by −W the same cobordism with opposite orientation, so that −W is obtained by adding 2-handles to Y along the curves c i with framing −1.
induced by the cobordism −W is an isomorphism.
Proof. Regard F + −W as a composition of maps induced by elementary cobordisms obtained from a single 2-handle addition, then apply the surgery long exact sequence and the adjunction inequality as in [12, Lemma 5.4 ] to prove that each elementary cobordism induces an isomorphism in Heegaard-Floer homology.
We see S as a surface in Y \N , so that α + is identified to a curve in Σ×{−1}, and α − is identified to a curve in Σ × {1}. By Lemma 2.5 we can control the perturbations of F 1 and F 2 so that α + , α − , and c i for all i become Legendrian curves with twisting number zero for both ξ 1 and ξ 2 , where the twisting number is computed with respect to the framing induced by Σ. This implies that we can construct contact structures ξ ′ 1 and ξ ′ 2 on −Y φ by (+1)-contact surgery on ξ 1 and ξ 2 .
The proof of the following lemma is contained in the proof of [10, Corollary 1.2]; see also [6, Theorem 2.1] for a similar result in the setting of monopole Floer homology.
Lemma 2.10. Let Y be a closed, connected oriented 3-manifold with b 1 (Y ) = 1, and let ξ be a weakly symplectically fillable contact structure on Y such that c 1 (ξ) is not torsion. Then c + (ξ) is a primitive element of HF + (−Y ).
By hypothesis b 1 (Y ) = 1, and c 1 (ξ 1 ) and c 1 (ξ 2 ) are non torsion because
therefore Lemma 2.10 applies and gives c + (ξ i ) = 0 for i = 1, 2. Moreover Proof. Because α + and α − are Legendrian with twisting number 0 with respect to both ξ ′ 1 and ξ ′ 2 , and ξ ′ 1 and ξ ′ 2 are both tight, from the Thurston-Bennequin inequality we obtain
, therefore e(S, ξ ′ i ) = e(S, ξ i ). Since ξ 1 and ξ 2 are C 0 -close to F 1 and F 2 and ∂S = α + ∪ α − is tangent to ξ i and F i , we have e(S, ξ i ) = e(S, F i ) for i = 1, 2.
From the additivity property of the relative Euler class we obtain
Lemma 2.11 implies that the the Spin c -structures s ξ ′ 1 and s ξ ′ 2 induced by ξ ′ 1 and ξ ′ 2 are not isomorphic, therefore c + (ξ ′ 1 ) and c + (ξ ′ 2 ) are linearly in-
. This implies that c + (ξ 1 ) and c + (ξ 2 ) are linearly independent too, therefore it proves Theorem 2.8.
3 Applications of Theorem 2.8
Application to genus-one knots
Let K be a genus one knot and Y K be the the 3-manifold obtained as 0surgery on K. Let T be a minimal genus Seifert surface for K and let T be the torus in Y K obtained by capping T off. Denote M T = Y K \ T and ∂M T = T + ∪ T − , where T + is given the orientation induced by the orientation of M T by the outward normal convention, and T − is given the opposite one. Let µ be a curve in M T joining T + and T − which closes to the core of the surgery torus in Y K , then M T \ν(µ) is homeomorphic to S 3 \ν(T ). We can divide ∂(M T \ ν(µ)) in two pieces: ∂ h (M T \ ν(µ)) = ∂M T \ ν(µ) called horizontal boundary, and ∂ v (M T \ ν(µ)) = ∂ν(µ) \ ∂M T called vertical boundary.
Let α + and β + be two simple closed curves in T + such that they intersect transversally in a unique point and their homology classes generate H 1 ( T + ). Because the maps (ι ± ) * : H 1 ( T ± , Z) → H 1 (M T , Z) induced by the inclusions are isomorphisms there are simple closed curves α − and β − in T − such that both α + ∪ −α − and β + ∪ −β − bound a surface in M T . We may assume also that α − and β − intersect transversally in a unique point.
Denote by S + n (α) the set of surfaces bounded by α + ∪ −α − which intersect µ transversally in exactly n positive points and in no negative points, and by S − n (α) the set of surfaces with the same property bounded by −α + ∪ α − . Let S + n (β) and S − n (β) be the same for the curves β + and β − . Let κ + n (α) be the minimal genus of the surfaces in S + n (α) and define κ − n (α), κ + n (β), and κ − n (β) in analogous ways. Proof. We prove the lemma only for {κ + n (α)} because the other cases are similar. Let S + n be a surface in S + n (α) with genus g(S + n ) = κ + n (α), and call S + n+1 the surface in S + n+1 (α) constructed by cut-and-paste surgery between S + n and T + . By definition g(S + n+1 ) ≥ κ + n+1 (α), and g(S + n+1 ) = g(S + n ) = κ + n (α) because T + is a torus.
Lemma 3.2. If K is not fibred, then for any n ≥ 0 either κ + n (α) = 0 and κ − n (α) = 0, or κ + n (β) = 0 and κ − n (β) = 0.
Proof. If the statement is false there are annuli A α ∈ S + n (α) ∪ S − n (α) and A β ∈ S + n (β) ∪ S − n (β). If we make A α and A β transverse their intersection consists of one segment from α + ∩ β + to α − ∩ β − and a number of homotopically trivial closed curves. By standard arguments in three-dimensional topology we can isotope A α and A β in order to get rid of the circles because M T is irreducible, therefore we can assume that A α ∩ A β consists only of the segment. The boundary of Proof of Theorem 1.4. In order to estimate the rank of HF K(K, 1) we cannot apply Theorem 2.8 directly; we have to increase the genus of K artificially first. Let K 0 be any fibred knot with genus one, say the figure-eight knot. It is well known that K is fibred if and only if K#K 0 is fibred. Also, by the Künneth formula for connected sums [11, Corollary 7.2], HF K(K#K 0 , 2) ∼ = HF K(K, 1) ⊗ HF K(K 0 , 1) ∼ = HF K(K, 1).
Let T and T 0 be genus minimising Seifert surfaces for K and K 0 respectively, and call T and T 0 their capped-off in Y K and Y K 0 .
The 3-manifold Y K#K 0 can be seen as the union of S 3 \ ν(K) and S 3 \ ν(K 0 ) along the boundary with an identification ∂(S 3 \ ν(K)) → ∂(S 3 \ ν(K)) mapping meridian to meridian and longitude to longitude, therefore T and T 0 glue to give a closed surface Σ with g(Σ) = 2 which minimises the genus in the generator of H 2 (Y K#K 0 , Z). Call M Σ = Y K#K 0 \ Σ. If we denote by µ 0 a segment in M T 0 gluing to the core of the surgery torus in Y K 0 , we can see M Σ as (M T \ ν(µ)) ∪ (M T 0 \ ν(µ 0 )) glued along their vertical boundary components.
From S + m and S − m we can construct surfaces S + and S − in M Σ by gluing a copy of T 0 to all the m components of S ± m ∩ ∂ v (M T \ ν(µ)). From an abstract point of view S + and S + are obtained by performing a connected sum with a copy of T 0 at each of the m intersection points between S + m or S − m and µ, therefore g( S ± ) = κ ± m (α) + m. We claim that
are taut sutured manifold decompositions. This is equivalent to proving that the surfaces S We recall that T + and Σ + are oriented by the outward normal convention, while T − and Σ − are oriented by the inward normal convention. For this reason µ ∩ T + and µ ∩ T − consist both of one single positive point. We consider only S + + Σ + , the remaining cases being similar due to the above consideration.
Let S ⊂ M Σ be a genus minimising surface in the same relative homology class as S + + Σ + . We can see S as the union of (two possibly disconnected) surfaces with boundary S ⊂ M T \ ν(µ) and S 0 ⊂ M T 0 \ ν(µ 0 ), then χ( S) = χ(S) + χ(S 0 ). We can easily modify S without increasing its genus so that it intersects ∂ v (M T \ ν(µ)) and ∂ v (M T 0 \ ν(µ 0 )) in homotopically non trivial curves. The number of components of ∂S 0 counted with sign is m + 1. and κ m+1 = κ m , we conclude that g( S + + Σ + ) = g( S), then g( S + + Σ + ) minimises the genus in its relative homology class.
By [4, Theorem 4.2] we have taut sutured manifold hierarchies This implies
and
Recall that χ(S ± m ) = −2κ ± m (α) because S + m and S − m have 2 boundary components each. Equations 1 and 2 imply that e(F + , R) = e(F − , R) because κ ± m (α) > 0, so we can apply Theorem 2.8.
Proof of Corollary 1.5. It is well known that the trefoil knots and the figureeight knot are the only three fibred knots with genus one, therefore by Theorem 1.4 they are the only three knots with HF K(K, 1) = Z. Then the statement follows from the fact that they have distinct Knot Floer homology.
Proof of Corollary 1.7. It is immediate from from Corollary 1.5 and from [13, Theorem 1.6] asserting that, if surgery on a knot K gives the Poincaré homology sphere, then the knot Floer homology of K is isomorphic to the knot Floer homology of the left-handed trefoil knot.
Application to genus-one links
Given any link L in S 3 with |L| components, Ozsváth and Szabó associate a null-homologous knot κ(L) in # |L|−1 (S 2 × S 1 ) to it. For a link with two components the construction is the following: choose points p and q on different components, then replace two balls centred at p and q with a 1-handle S 2 × [0, 1] and define κ(L) as the banded connected sum of the two components of L performed with a standardly embedded band in the 1-handle. If L has more connected components this operation produces a link with one component less, so we repeat it until we obtain a knot. For the details see [11, Section 2.1] .
Let L be a link in S 3 . A Seifert surface Σ for L is called minimal if its Euler characteristic is maximal among the Seifert surfaces of L. It is not hard to show that a minimal Seifert surface κ(F ) of κ(L) can be obtained by adding bands to a minimal Seifert surface F of L; see [8, Remark 3.2] . Moreover, if L is fibred with fibre F , then κ(L) is fibred too with fibre κ(F ). Proof. Let F be a fibre of L, and assume by contradiction that it is not minimal. It means that there is another Seifert surface F ′ such that χ(F ′ ) > χ(F ). Then g(κ(F )) > g(κ(F ′ )) and κ(F ) is a fibre of κ(L), which is a contradiction because fibres minimise the genus in their homology class by [16, Corollary 2] .
Let L be a genus-one link with connected minimal Seifert surface T , and denote by L * the knot in S 3 which is the boundary of the surface obtained by plumbing T with |L| − 1 Hopf bands.
From now on assume that the minimal Seifert surface T is connected. Let m be an integer such that κ + m+i (α) = κ + m (α) and κ − m+i (α) = κ − m (α) for all i ≥ 0, then take genus-minimising surfaces S + m ∈ S + m and S − m ∈ S − m . Let T 0 be an |L|-punctured sphere. We can construct M Σ as the manifold obtained by gluing each component of the ∂ v (M T \ ν(µ 1 ∪ . . . ∪ µ |L| )) to a component of ∂T 0 × [0, 1]. We obtain new surfaces S ± from S ± m with g( S ± ) = g(S ± m ) + m(|L| − 1) in the following way. The intersections S ± m ∩ ∂ v (M T \ ν(µ 1 ∪ . . . ∪ µ |L| )) consist of an m-tuple of closed curves on each component of ∂ v (M T \ ν(µ 1 ∪ . . . ∪ µ |L| )). Label the curves in each m-tuple with numbers from 1 to m in a way that consecutive numbers are associated to consecutive curves, and the curves which are the closest to T + say are labelled by 1. Then S + is obtained by gluing m copies of T 0 to S ± m so that the |L| boundary components of the i-th copy of T 0 are glued to the curves in S ± m ∩ ∂ v (M T \ ν(µ 1 ∪ . . . ∪ µ |L| )) labelled by i. We prove that S + and S − give taut sutured manifold decompositions of M Σ . From now on the proof proceeds like the proof of Theorem 1.4; we give only an idea on how one case of the proof works.
We want to prove that S + + Σ + is genus minimising in its relative homology class. Let S be a genus minimising surface in the homology class of S + + Σ + relative to α + ∪ α − . With the usual arguments we can reduce ourselves to the case that S intersects the boundary of all ν(µ i ) in homotopically non trivial closed curves. We call S = S ∩ (M T \ ν(µ 1 ∪ . . . ∪ µ |L| )) and S 0 = S ∩ (T 0 × [0, 1]). We can assume that S 0 consists of m + 1 parallel copies of T 0 and of some boundary parallel annuli. We push the annuli into (M T \ ν(µ 1 ∪ . . . ∪ µ |L| )) so that we obtain a new surface S ′ intersecting ∂ v (M T \ν(µ 1 ∪. . .∪µ |L| )) in exactly m+1 positive curves for each component, then we add discs to these curves to obtain a surface S + m+1 ∈ S + m+1 so that g( S) = g(S + m+1 ) + (m + 1)(|L| − 1) = κ + m+1 (α) + (m + 1)(|L| − 1). On the other hand, g( S + + Σ + ) = g( S + ) + |L| − 1 = κ + m (α) + m(|L| − 1) + |L| − 1 then g( S) = g( S + + Σ + ) because κ + m+1 (α) = κ + m (α).
